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Abstract

Dispersion of solid particles in forced isotropic low!Mach!number turbulent ~ows is studied[ The carrier phase is
considered in the Eulerian frame and is simulated by direct numerical simulation "DNS# whereas the particles are treated
in a Lagrangian context[ The formulation includes the e}ects of the two!way coupling on the carrier phase[ The results
verify previous observations for velocity _eld in similar studies in incompressible ~ows while providing new insights into
the modi_cations of the thermodynamic _elds[ It is found that the ratio of the root mean square "rms# Mach number to
the mean Mach number is nearly constant "½9[30# for all of the cases[ A peak value is observed in the variation of the
particle velocity variance "normalized with the ~uid velocity variance# with the mass loading ratio[ The polytropic
coe.cient decreases linearly by the increase of the mass loading ratio\ and nonlinearly by the decrease of the particle
time constant[ Þ 0888 Elsevier Science Ltd[ All rights reserved[

Nomenclature

Cs speci_c heat of the solid particle
Cp speci_c heat of the carrier phase
dp particle diameter
EI p:"g−0# internal energy of the carrier phase
EK ruiui:1 kinetic energy of the carrier phase
ET EI¦EK total energy of the carrier phase
E"k# energy spectrum
f 0¦9[04Re9[576

p

Fi a zero!mean solenoidal random force
` Nu:2Pr s

k wavenumber
l "p:1u½1# Ð�

9 ðE"k#:kŁ dk integral length scale
Lf reference length
Lv latent heat of vaporization of the liquid
mp mass of the particle
Mf uf:zgRTf reference Mach number
n polytropic coe.cient
np number of particles within the cell volume
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845 1262^ e!mail] mashayeÝwiliki[eng[hawaii[edu

N number of collocation points in each direction
Np total number of particles
Nu 1¦9[5Re9[4

p Pr9[22 Nusselt number
p pressure of the carrier phase
Pr Cpm:k Prandtl number
R gas constant
Ref rfUfLf:m reference Reynolds number
Rep Ref r�dp=ui�−vi= particle Reynolds number
Rel ru½l:m Taylor microscale Reynolds number
Sij

0
1
" 1ui: 1xj¦1uj: 1xi# rate!of!strain tensor

Sui\ SKE\ SIE coupling source:sink terms
t time
T temperature
ui velocity of the carrier phase in direction xi

"i � 0\ 1\ 2#
u½ turbulence intensity of the carrier phase
Uf reference velocity
vi velocity of the particle in the direction xi

xi spatial coordinates\ i � 0\ 1\ 2
Xi position of the particle\ i � 0\ 1\ 2[

Greek symbols
g ratio of the speci_c heats of the carrier gas
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dij Kronecker delta function
dx node spacing
dV "dx#2 cell volume
D 1ujj:1xj dilatation
o dissipation rate
h Kolmogorov length scale
k thermal conductivity of the carrier phase
l Taylor length scale
m viscosity of the carrier phase
r density
s Cs:Cp ratio of the speci_c heats of the two phases
te l:u½ eddy turnover time
tk Kolmogorov timescale
tp Ref rpd

1
p:07 particle time constant

fm mass loading ratio
Fp viscous dissipation due to drag
vi vorticity component in the direction xi[

Subscripts
f reference properties for normalization
p particle
rms root mean square
9 value from the one!way coupling simulation[

Superscripts
? ~uctuating quantity
� carrier phase properties at the particle location[

Symbols
ð Ł Eulerian ensemble average over the number of col!
location points
ðð ŁŁ Lagrangian ensemble average over the number
of particles
= conditional distribution
− time average[

0[ Introduction

Particle!laden turbulent ~ows have received a great
deal of attention in recent decades ð0\ 1Ł[ This has been
due to both interesting fundamental issues arisen in these
~ows as well as their signi_cant role in a variety of prob!
lems such as spray combustion and atmospheric
pollution[ From a theoretical point of view\ the study of
turbulent ~ows laden with particles is one of the most
challenging problems in science[ This is primarily due to
the fact that the phenomenon of turbulence itself has
remained one of the biggest mysteries in science\ after
more than a century of extensive research[ With the
addition of particles to a turbulent ~ow\ the additional
physical complexities due to multiphase transport includ!
ing the couplings between the various phases\ make the
mathematical description of the problem very complex[

Due to its physical nature\ the mechanism of dispersion

is best understood when analyzed in the {Lagrangian|
context ð2\ 3Ł[ This makes investigation via numerical
simulations very convenient[ Several numerical studies
of particle!laden turbulent ~ows have appeared in the
literature in recent years with most of the studies con!
centrated on the dispersion of solid particles in incom!
pressible ~ows "see ð1\ 4Ł for recent reviews#[ On the other
hand\ the literature is very rich in both theoretical and
computational studies of single!phase compressible
~ows[ An extensive review of the previous works is not
intended here^ we refer to Blaisdell et al[ ð5Ł for a recent
review[ There have been major developments in numeri!
cal studies of single!phase compressible ~ows during the
past few years[ Both high!order _nite di}erence ð6Ł and
spectral collocation ð5\ 7Ð09Ł methods have been utilized
for numerical simulations[ These recent studies have sig!
ni_cantly enhanced our physical understanding of these
~ows\ providing an appropriate ground for numerical
studies of particle dispersion in compressible turbulent
~ows[ Understandably\ the extent of previous studies of
particle dispersion in compressible turbulent ~ows is
limited[ One of the early studies is by Samimy and Lele
ð00Ł who consider the motion of heavy particles in a
compressible free shear and show that\ for the range of
convective Mach numbers between 9[1 and 9[5\ com!
pressibility does not signi_cantly a}ect the motion of the
particles[

In a previous work ð01Ł we studied the dispersion and
polydispersity of evaporating droplets in a forced low!
Mach!number turbulence[ Here\ we consider a similar
~ow con_guration for solid particles and investigate the
e}ects of the two!way coupling on various statistics of the
two!phase ~ow[ The objective is to perform a parametric
study by considering a reasonable range of variations for
particle time constant and mass loading ratio[ Since a
large number of simulations must be considered\ we limit
our study to low Reynolds numbers such that the ~ow
can be resolved using 372 and 532 grid points[ A study of
high compressibility e}ects is not intended here and the
mean turbulence Mach number is less than 9[1 for all of
the cases[ At these low Mach numbers\ many features of
the velocity _eld are similar to those previously observed
in incompressible ~ows[ While comparisons made with
previous studies indicate the validity of the results gen!
erated here\ by considering wider ranges of variation for
parameters we are able to expand the previous _ndings
on the velocity _elds and to extract new conclusions[ The
results presented of the thermodynamic _elds\ however\
are to be considered as the main contribution of this
study[ In Section 1 the problem formulation is presented
followed by an overview of the numerical methodology
and the simulations[ The quasi!stationary turbulence
achieved by forcing the low wavenumbers of the ~ow is
discussed in Section 2[ A statistical analysis of the results
is presented in Section 3 followed by concluding remarks
in Section 4[
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1[ Formulation and methodology

The carrier phase is considered to be a compressible
and Newtonian gas with zero bulk viscosity\ and to obey
the perfect gas equation of state[ The Eulerian forms of
the non!dimensional continuity\ momentum\ and energy
equations for the carrier phase are]
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accompanied by the equation of state p � rT:gM1
f [ In "1#

and "2#\ Fi is a zero!mean and solenoidal random force
employed to achieve a quasi!stationary turbulence "dis!
cussed in Section 2#[ All of the variables are normalized
by reference length\ density\ velocity\ and temperature
scales[

The particles are assumed to be spherical with diameter
smaller than the smallest length scale of the turbulence
and to exhibit an empirically corrected Stokesian drag
force[ The rotation of the particles and the gravity e}ects
are neglected[ The density of the particles is considered
to be constant and much larger than the density of the
gas phase such that only the inertia and the drag forces
are signi_cant to the particle dynamics[ In addition\ the
particle volume fraction is assumed to be relatively small
and both particleÐparticle interactions and heat transfer
due to radiation are neglected[ The particles are tracked
individually in a Lagrangian manner\ and the particle
position\ velocity\ and temperature\ respectively\ are
determined from ð02Ł]

dXi

dt
� vi "3#

dvi

dt
�

f
tp

"ui�−vi# "4#

dTp

dt
�

`
tp

"T�−Tp#[ "5#

The particle variables are normalized using the same ref!
erence scales as those used for the gas phase variables[
The function f � 0¦9[04Re9[576

p in "4# represents an
empirical correction to the Stokes drag due to particle
Reynolds numbers of order unity and larger ð03Ł and is

valid for particle Reynolds numbers Rep ¾ 0999[ The
particles are assumed {lumped|\ so that there is no tem!
perature variation within each particle[ The right!hand
side of "5# represents the rate of change of the particle
temperature due to convective heat transfer with the sur!
rounding gas[ The factor ` � Nu:2Pr s represents a cor!
relation for the convective heat transfer coe.cient based
on an empirically corrected Nusselt number "Nu �
1¦9[5Re9[4

p Pr9[22# ð04Ł[
The source:sink terms Sui\ SKE\ and SIE appearing in

"1# and "2# represent the integrated e}ects of the particles
on the momentum\ kinetic energy\ and internal energy of
the gas\ respectively[ These Eulerian _elds are calculated
from the Lagrangian particle variables by volume aver!
aging the contributions from all of the individual particles
residing within the cell centered around each grid point]

Sui � −
0

dV
s

np fmp

tp

"ui�−vi# "6#

SKE � −
0

dV
s

np fmp

tp

"ui�−vi#ui� "7#

SIE � −
s

"g−0#M1
f dV

s

np `mp

tp

"T �−Tp#¦Fp[ "8#

In "8#\ Fp � "0:dV# Snp "" fmp:tp# "ui�−vi#1# is the viscous
dissipation due to drag[ This term contributes to the
change of the internal energy and is distinguished from
the contribution of the drag force to the kinetic energy
ðgiven by "7#Ł[ A more elaborate physical discussion for
Fp may be found in ð05Ł[

Simulations are conducted within the domain
9 ¾ xi ¾ 1p[ A Fourier pseudospectral ð06Ł method with
triply periodic boundary conditions is employed for the
spatial discretization of all transport variables[ The non!
linear terms are calculated in physical space where all of
the variables are stored\ and spatial di}erentiations are
performed in Fourier space[ Aliasing errors are treated
by truncating energies outside of a spherical wavenumber
shell having radius z1N:2[ Time advancement for both
the Eulerian gas equations and the Lagrangian particle
equations is performed using an explicit second order
accurate AdamsÐBashforth scheme[ Calculation of the
values of the Eulerian gas variables at the particle
locations is by a fourth!order Lagrange polynomial
interpolation scheme[ To emulate the stationary isotropic
turbulence _eld\ a low wavenumber forcing scheme is
imposed[ The forcing algorithm employed is based on a
scheme developed by Eswaran and Pope ð07Ł[ A forcing
acceleration term "Fi# is added to the momentum equa!
tions and is limited to a low wavenumber shell[ The
acceleration vector at each forced node is comprised of
six independent random variables having Gaussian dis!
tribution with zero mean and unity variance[ The three
complex random vectors are made solenoidal in the same
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manner as described in ð07Ł and correspond to their zero
time scale case "white noise in time#[ The relative strength
of the forcing is a function of the reference Reynolds
number Ref and the variance of the components of the
random vectors[

The performance of the code for the NavierÐStokes
equations "on a Cray!C89# is approximately 3[9 s per
time!step for simulations with resolutions of 532 grid
points[ Numerical integration of 4[4×094 particles with
only one!way coupling "Sui\ SKE\ SIE 0 9# requires an
additional 1[64 s per time!step\ while the additional time
for a full two!way coupling simulation is 3[6 s per iter!
ation[ The time for integrating the particles scales
approximately linearly with the number of particles[ The
simulations are performed employing both 372 and 532

collocation points[ Tables 0 and 1 provide a listing of
di}erent cases considered for this study[ The simulations
with 372 collocation points are intended to investigate the
e}ects of the particle time constant "tp# and the ratio of
the particle speci_c heat coe.cient to that of the gas "s#[
These simulations are also used to compare the e}ects of

Table 0
Parameters used in the 372 simulations^ Ref � 249

tp fm Np rp s Coupling Rel t¹e tp:t¹k dp:h¹ h¹kmax

9 * 49 999 0999 * * 17[9 05[6 9 9 0[72
1 * 116 969 0999 0 0!way 17[9 05[6 9[72 9[012 0[72
3 * 79 170 0999 0 0!way 17[9 05[6 0[55 9[062 0[72
7 * 17 273 0999 0 0!way 17[9 05[6 2[21 9[134 0[72

01 * 04 349 0999 0 0!way 17[9 05[6 3[87 9[299 0[72
1 9[4 116 969 0999 0 1!way 14[6 13[8 9[45 9[090 1[11
3 9[4 79 170 0999 0 1!way 15[8 14[2 0[97 9[039 1[16
7 9[4 17 273 0999 0 1!way 16[3 14[9 1[02 9[085 1[17

01 9[4 04 349 0999 0 1!way 16[2 13[3 2[13 9[131 1[15
1 9[4 116 969 0999 3 1!way 14[6 13[8 9[45 9[090 1[11
3 9[4 79 170 0999 3 1!way 15[8 14[2 0[97 9[039 1[16
7 9[4 17 273 0999 3 1!way 16[3 14[9 1[02 9[085 1[17

01 9[4 04 349 0999 3 1!way 16[2 13[3 2[13 9[131 1[15

Table 1
Parameters used in the 532 simulations^ Ref � 399

tp fm Np rp s Coupling Rel t¹e tp:t¹k dp:h¹ h¹kmax

1 * 443 741 0999 0 0!way 25[6 03[4 0[90 9[024 1[07
1 9[0 44 374 0999 0 1!way 23[4 05[8 9[75 9[013 1[18
1 9[14 027 602 0999 0 1!way 22[3 07[6 9[67 9[008 1[39
1 9[4 166 315 0999 0 1!way 29[0 11[7 9[54 9[097 1[51
1 0[9 443 741 0999 0 1!way 13[8 15[8 9[46 9[091 1[79
2 9[14 027 602 2264 0 1!way 22[4 08[9 0[02 9[967 1[33
4 * 039 257 0999 0 0!way 25[6 03[4 1[42 9[102 1[07
4 0[9 039 257 0999 0 1!way 17[8 14[7 0[33 9[050 1[79

one!way and two!way couplings[ The 532 simulations are
used to study the e}ects of the mass loading ratio "fm#
and to generate the particle concentration related stat!
istics which require high resolution[ In order to inves!
tigate the e}ects of Fp\ several cases from Table 0 are
repeated with Fp � 9 "these cases are not listed in Table
0 for brevity#[ All of the simulations use Pr � 9[6 and
Mf � 0[ With this value for Mf\ the speed of sound based
on the initial mean gas temperature is the reference scale
for the velocity[

A study of high compressibility e}ects is not intended
in this work and the mean turbulence Mach number is
kept less than 9[1 for all of the cases[ At this mean Mach
number the ~ow is completely free of shocks\ therefore\
372 and 532 collocation points su.ce to accurately resolve
the ~ow _eld[ This is evident by high values of h¹kmax "kmax

is the highest resolved wavenumber# in Tables 0 and 1[
The values of dp:h¹ indicate that the sizes of the particles
are su.ciently smaller than the smallest scales of the ~ow
and satisfy the assumption made in using the Stokesian
drag for the particle momentum equation[ Other par!
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ameters shown in Tables 0 and 1\ are the total number
of the particles "Np#\ the ratio of the particle time constant
to the time averaged Kolmogorov time scale "t¹k#\ the time
averaged eddy!turnover time "t¹e#\ and the time averaged
Reynolds number based on the Taylor length scale "Rel#[
Noticeable in Table 0\ is the insensitivity of the velocity
_eld of the carrier phase to the variation of s[ Therefore\
in the discussion of the results\ only the e}ects of s on
the thermodynamic _elds are considered[

2[ Quasi!stationary turbulence

Before analyzing the results\ it is instructive to discuss
the state of stationarity achieved "for both the ~ow and
the particles# with the numerical technique of Section 1[
The ~ow is forced externally and the energy due to exter!
nal forcing is input at low wavenumbers and then follows
an energy cascade towards the small scales where it is
dissipated into heat[ In this manner\ a stationary state is
reached for the kinetic energy "after an initial transient
period#\ however\ the internal energy of the gas con!
tinuously increases in time as the simulation box "due to
homogeneity# has no net heat transfer with the surround!
ing[ Therefore\ only a {quasi!stationary| state is obtained
for the kinetic energy ð7Ł^ this is discussed "via DNS
results# in detail below[

Shown in Fig[ 0 are the temporal variations of the

Fig[ 0[ Temporal variations of the mean temperatures of "a# the
carrier and "b# the dispersed phases[ For all of the cases fm � 9[4
and tp � 1[

mean temperatures of the gas and the particles for a
variety of cases with fm � 9[4 and tp � 1[ Time is nor!
malized by the eddy!turn!over time of the single!phase
~ow "t¹e9#\ and the particles are randomly distributed at
t � 9 with the same velocity and temperature as those of
the local gas[ For the case with one!way coupling\ Fig[
0"a# shows that the gas temperature increases in time
due to the forcing energy which is transformed into the
internal energy by viscous dissipation and pressure!dila!
tation correlation[ A portion of the gas internal energy is
transferred to the particles and results in the increase of
the dispersed phase mean temperature as shown in Fig[
0"b#[ For the case with two!way coupling\ having the
same value for s as in the case with one!way coupling\
also an increase in the temperature of the gas and the
particles is observed but after an initial transient period
during which the mean temperature rises fast[ The
initially fast increase in the gas temperature is explained
by considering that the particles are injected at the same
velocity as that of the local gas at t � 9[ In the stationary
state "long times#\ the particle velocity lags the gas vel!
ocity due to the particle inertia\ therefore\ part of the
initial kinetic energy of the particles is transferred to the
gas and is dissipated into heat[

In order to investigate the signi_cance of the internal
energy production by drag "Fp# a similar two!way coup!
ling case but with Fp � 9 is considered[ Figure 0 indicates
that turning the Fp term o}\ results in a decreasing trend
for the temperature and\ consequently\ the internal and
the total energies of both phases[ The results of additional
simulations "not shown# indicated that the rate of
decrease of the temperature depends on the particle size
and increases with the decrease of tp[ Obviously\ the
decrease of the total energy is not in agreement with the
fact that energy is being added to the system by external
forcing\ and there is no net heat or work transfer with
the gas outside the box[ The e}ect of the increase of the
particles heat capacity on the mean temperature is also
shown in Fig[ 0 by considering the temporal variation of
the mean temperature for a case with s � 3[ Recall that
s represents the ratio of the particle speci_c heat "Cs# to
that of the gas "Cp#^ therefore\ an increase in s can be
interpreted as an increase in Cs while Cp is kept constant[
By increasing Cs\ a larger portion of the gas internal
energy is consumed to increase the mean temperature
of the particles\ resulting in the decrease of the mean
temperature of both phases[

A close inspection of Fig[ 0 indicates that the mean gas
temperature is lower than that of the particles[ This is
despite the fact that the particles can increase their
internal energy only by absorbing heat from the gas\ and
can be explained by considering the types of averaging
performed on the gas and the particle temperatures[ The
mean gas temperature is calculated by Eulerian averaging
over the entire simulation box while the particle mean
temperature is obtained by Lagrangian averaging over
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the number of particles[ The correct indicator of the
direction of heat transfer\ is the {mean temperature
di}erence| between the particle and its neighboring gas\

i[e[ ððT�−TpŁŁ[ The calculated values of ððT�−TpŁŁ
are presented in Table 2 and all of them are positive\ thus
indicating a heat transfer from the gas to the particles[
The mean temperature di}erence increases with the
increase of tp regardless of one! or two!way coupling or
magnitude of s[ This is due to the larger heat capacity of
larger particles and is similar to increase of the mean
relative velocity with the increase of particle inertia[
Further\ cases with two!way coupling exhibit a smaller
mean temperature di}erence in comparison to cases with
one!way coupling\ as in the former\ the particles tend to
modify the temperature of the surrounding gas closer to
their own temperature[ The increase of s enhances the
heat capacity of the particles and a larger heat transfer
from the gas is needed to increase the particle tempera!

ture[ This results in the increase of ððT�−TpŁŁ with the
increase of s as indicated in Table 2[

The fact that {the di}erence of the mean temperatures|\
calculated by averaging the gas temperature over the
entire box\ is smaller than {the mean temperature di}er!
ence|\ obtained from averaging over the particle
locations\ indicates that the gas elements surrounding the
particles are warmer than the gas elements located far
from the particles[ The reason is that the heat generated
by drag "calculated from Fp# is added to the gas elements
surrounding the particles[ Therefore\ the gas elements
closer to the particles attain higher temperatures than
those far from the particles[

Although the mean temperature increases in time\ a
statistically stationary state is reached for temperature
~uctuations "T ? and T?p# after an initial transient period[
Figures 1"a# and "b# portray the temporal variation of
the root mean square "rms# of the particle ~uctuating
temperature "T?prms# for tp � 1 and tp � 01\ respectively[
Both one! and two!way couplings are considered[ It is
observed in the _gure that all of the cases reach a stat!
istically stationary state at long times[ However\ the
initial period to reach the stationary state varies for
di}erent cases[ The larger particles need longer transient

Table 2
Values of ððT�−TpŁŁ for di}erent cases

tp ððT�−TpŁŁ×093

s � 0\ 0!way s � 0\ 1!way s � 3\ 1!way

1 01[0 0[99 0[14
3 01[8 1[95 1[36
7 03[5 2[76 3[58

01 04[5 4[46 6[93

Fig[ 1[ Temporal variations of the rms of the particle ~uctuating
temperature for "a# tp � 1 and "b# tp � 01[ For all of the cases
fm � 9[4[

periods as they have larger heat capacities and\ for the
same reason\ the particles with larger s take longer to
become stationary[ A comparison of cases with Fp � 9
"not shown# with cases considered in Fig[ 1 indicated
identical results for ~uctuating temperatures[ Therefore\
neglect of the heat generated by drag has no e}ect on
~uctuating quantities[

Also noticeable in Fig[ 1 is the damping of the temporal
oscillations of rms temperature when the particles are in
two!way coupling with the ~ow[ This is explained by
considering the temporal variations of the mean
pressureÐdilatation correlation "ðpDŁ# appearing in the
transport equations for the mean kinetic and internal
energy of the carrier phase\ respectively\ ð7\ 05Ł]

d
dt

ðEKŁ � ðpDŁ−o¦ðruiFiŁ−W
0

dV
s

np

Fpiui�w "09#

d
dt

ðEIŁ � −ðpDŁ¦o

¦W
0

dV
s

np

Fpi"ui�−vi#w¦ðSIE\convŁ[ "00#

Here\ o is the rate of dissipation of the turbulence kinetic
energy at small scales "due to viscosity#\ Fpi � " fmp:tp#
"ui�−vi# is the drag force and ð"0:dV# Snp Fpiui�Ł\ which
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we refer to as op\ is the rate of dissipation of the gas
kinetic energy due to drag[ The contribution of Fp to
change of the internal energy is denoted by
ð"0:dV# Snp Fpi"ui�−vi#Ł\ and ðSIE\convŁ represents the
e}ect of the convective heat transfer[

Equations "09# and "00# show that the pressureÐdila!
tation correlation ðpDŁ has no contribution to the change
of the total energy of the carrier phase and it only ex!
changes energy between kinetic and internal modes[ It
oscillates in time with relatively large amplitude and fre!
quency\ therefore\ a clearly observable e}ect of the pres!
sureÐdilatation term is the ampli_cation of the temporal
oscillations "which are primarily generated by the ran!
dom forcing# in kinetic and internal energies[ Although
the time integral of ðpDŁ takes small values\ the instan!
taneous local values of pD can be quite large in com!
parison to the other terms in "09# and "00# ð7Ł[ Figure
2"a# depicts a typical temporal variation of the pressureÐ
dilatation correlation calculated from a single!phase ~ow
simulation[ In the absence of particles\ ðpDŁ takes instan!
taneous values as large as approximately 22×09−2\
however\ its time averaged value is less than 09−3[ Inject!
ing the particles into the ~ow decreases both the ampli!
tude of oscillations of ðpDŁ and its time averaged value
"Fig[ 2"b# and "c##[ However\ a comparison of Fig[ 2"b#
and "c# indicates that\ for the same mass loading ratio\
the damping e}ects of the smaller particles "tp � 1# on
oscillations of the pressureÐdilatation correlation are
markedly stronger than those of the larger particles
"tp � 01#[ This is due to the fact that at constant mass
loading ratio the smaller particles outnumber the larger
particles by a factor of about 03 "see Table 0#\ therefore\
the smaller particles are more e}ective in diminishing
the spatial variations of ðpDŁ[ The time averaged value\

Fig[ 2[ Temporal variations of the pressureÐdilatation cor!
relation for "a# one!way coupling\ "b# fm � 9[4\ tp � 01\ and "c#
fm � 9[4\ tp � 1[ For all of the cases s � 0[

however\ is not as sensitive to the size of the particle and
varies by only 14) for cases shown in Fig[ 2"b# and "c#[

When using arti_cially forced ~ow _elds to investigate
the e}ects of the particles on the ~ow and vice versa\ there
is always a concern whether or not the energy provided by
forcing\ remains the same for all of the cases when the
mass loading ratio or the particle time constant is varied
"e[g[ see Elghobashi and Truesdell ð08Ł#[ To address this
issue\ we consider the time averaging of equation "09#

which yields ðruiFiŁ � −ðpDŁ¦o¹¦op[ To maintain a
statistically stationary turbulence\ the forcing energy is
to be balanced by the sum of the total dissipation "o¹¦op#
and the pressureÐdilatation correlation[ An analysis of
the simulations indicated that this sum is almost the same
for all of the cases[ Therefore\ it may be concluded that
the time averaged values of the external forcing does not
signi_cantly change when the particle time constant or
the mass loading ratio is varied[

3[ Particle dispersion in stationary turbulence

In this section the e}ects of the mass loading ratio\ the
particle time constant\ and the particle speci_c heat on
the statistics of the gas and the particles in stationary "or
more precisely quasi!stationary# turbulence are studied[
Figure 3 portrays the e}ects of the mass loading ratio
and the particle time constant on time averaged values
of the turbulence kinetic energy\ q1 "�0

1
ruiui#\ the rate of

dissipation of the turbulence kinetic energy o¹\ the entropy
e¹ "� 0

1
vivi\ vi is the vorticity component#\ the rms density

~uctuations\ r?rms\ the rms pressure ~uctuations\ p?rms\ the
rms temperature ~uctuations\ T?rms\ and the rms dila!
tation\ Drms[ All of the variables are normalized with their
respective values "denoted by subscript 9# from the one!
way coupling simulation[ Figure 3"a# indicates that all of
these variables decrease with the increase of the mass
loading ratio[ The rate of decrease\ however\ is di}erent^
the smallest rate is for the turbulence kinetic energy and
the largest rate is for the dilatation[ The large rate of
decrease for all of the variables near fm � 9 demonstrates
the signi_cance of the two!way coupling even for small
mass loading ratios[ For example\ the rms dilatation is
decreased by about 49) of its one!way coupling value
for a mass loading ratio of 9[0[ For the same mass loading
ratio\ the kinetic energy decreases by 19)[ This is larger
than the 09) decrease predicted by Squires and Eaton
ð19Ł for incompressible ~ow at the same mass loading
ratio[ The di}erence is "likely# not due to the com!
pressibility e}ects only and other factors such as di}er!
ences in particle sizes and forcing schemes may have also
contributed[

The changes in the particle time constant a}ect the
above!mentioned variables in a di}erent manner[ Figure
3"b# shows that the dissipation rate of the turbulence
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Fig[ 3[ Variations of the turbulence kinetic energy\ the dis!
sipation rate of the turbulence kinetic energy\ the entropy\ the
rms density\ the rms pressure\ the rms temperature\ and the rms
dilatation of the gas phase vs[ "a# the mass loading ratio and "b#
the particle time constant[ All of these quantities are normalized
with their respective values from one!way coupling cases[
Legends are the same in "a# and "b#[

kinetic energy\ and the entropy _rst decrease with the
increase of tp and then level o} for larger tp values[ The
turbulence kinetic energy remains virtually una}ected by
the change of the particle time constant[ The rms of the
gas density\ pressure\ temperature\ and dilatation mon!
otonically increase with the increase of tp[ This can be
explained by considering the increase in the number of
particles with the decrease of the particle time constant
when the mass loading ratio is held constant[ In a com!
pressible ~ow ~uctuating quantities such as density\
pressure\ temperature\ and dilatation experience spatial

Table 3
Variations of o¹C:o¹I with the mass loading ratio and the particle time constant

tp 1 1 1 1 1 9 1 3 7 01

fm 9 9[0 9[14 9[4 0[9 9[4 9[4 9[4 9[4 9[4
o¹C:o¹I 9[024 9[941 9[911 9[906 9[902 9[103 9[919 9[926 9[963 9[097

variations[ A primary e}ect of the particles is to diminish
these ~uctuations[ Increasing the number of particles
diminishes the ~uctuations more uniformly in space[

In compressible ~ows\ the dissipation rate of the tur!
bulence kinetic energy consists of incompressible "or
rotational#\ oI\ and compressible "or irrotational#\ oC\
components ð7\ 5Ł]

oI �
0

Ref

ð=v=1Ł\ oC �
0

Ref

3
2

ðD1Ł[ "01#

Table 3 shows the e}ects of the mass loading ratio and
the particle time constant on the ratio o¹C:o¹I[ Based on
the results shown in Table 3\ the contribution of the
compressible part diminishes with the increase of the
mass loading ratio and:or the decrease of the particle
time constant[ This is due to the decrease of the velocity
dilatation in the presence of the particles as was discussed
in Section 2[

An interesting feature is observed in the variations
of the mean Mach number "ðMŁ# and the rms of the
~uctuating Mach number "M?rms# with the mass loading
ratio[ Figure 4 shows that both the mean and the rms
Mach number decrease monotonically with the increase
of the mass loading ratio\ however\ the ratio M?rms:ðMŁ
remains una}ected by the change of fm[ As the mean
Mach number decreases\ due to the e}ects of the two!

Fig[ 4[ Variations of the mean Mach number\ the rms Mach
number\ and the ratio of the two vs[ the mass loading ratio[ For
all of the cases tp � 1 and s � 0[
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way coupling\ the ~uctuations of the Mach number also
decreases proportionally to the decrease of the mean
value[ This is not\ however\ the case for other quantities
shown in Fig[ 3"a#[ The mean values of the temperature
and the pressure change very negligibly in comparison to
changes in their ~uctuating parts[ The mean density and
dilatation do not change at all and are constant for all of
the cases[ A similar behavior for M?rms:ðMŁ was observed
with the change of the particle time constant[ In fact both
the mean and the rms Mach number remain relatively
una}ected by changes in tp[ For all of the cases considered
here the value of M?rms:ðMŁ was found to be about 9[30[
This _nding\ meaning the constancy of M?rms:ðMŁ\ can
be of great interest in statistical modeling of particle!
laden compressible ~ows with low compressibility e}ects[
Further simulations with higher resolutions are needed
to assess this observation at higher Mach numbers[

The particle velocity autocorrelation coe.cients are
shown in Fig[ 5[ The autocorrelation coe.cient in a direc!
tion j is de_ned as "no summation over the repeated
Greek indices#]

Fig[ 5[ Variations of the particle velocity autocorrelations at
di}erent values of the particle time constant and the mass load!
ing ratio vs[ "a# time normalized with the eddy!turn!over time of
the one!way coupling case and "b# time normalized with the
eddy!turn!over time of the respective case[

Rv
jj"t# �

ððvj"t#vj"t¦t#ŁŁ
"ððv1

j"t#ŁŁððv1
j"t¦t#ŁŁ#9[4

\ j � 0\ 1\ 2 "02#

where t is a time in the stationary state from which
calculation of Rv

jj"t# is begun[ Equation "02# is usually
used for non!stationary turbulence^ for stationary tur!
bulence the denominator is expressed as ððv1

j"t#ŁŁ[ The
di}erence between the two is very small\ however\ using
"02# decreases the oscillations "due to forcing# of the
autocorrelation curves[ The autocorrelation coe.cients
shown on Fig[ 5 are the average values over the three
directions*these averaged autocorrelations are indi!
cated as Rv with no subscript for direction[ Figure 5"a#
indicates that\ for the same tp value\ the increase of the
mass loading ratio increases the velocity autocorrelation
coe.cient[ This has also been observed in incompressible
decaying turbulence by Elghobashi and Truesdell ð08Ł
who argue that as the mass loading ratio increases the
ability of the particles to modify their neighboring gas
also increases[ Therefore\ the di}erence between the vel!
ocity of the gas and that of the particle decreases and the
particle velocity is less in~uenced by the gas[ In other
words\ the change of the particle velocity autocorrelation
with the mass loading ratio is due to modi_cation of the
turbulence by the particles[ As the mass loading ratio
increases the gas kinetic energy decreases and the ~ow
becomes more {sluggish|[ This is veri_ed by comparing
the eddy!turn!over time "t¹e# values given in Table 1 which
indicates the increase of the eddy!turn!over time with
the increase of the mass loading ratio[ Based on this
observation\ a similarity can be expected in the behavior
of the velocity autocorrelations if the time for each curve
is normalized by its corresponding t¹e value from Table 1[
Figure 5"b# depicts Rv vs[ such a normalized time axis\
and indicates that the autocorrelation curves for di}erent
mass loading ratios closely collapse on one curve[ The
behavior of the autocorrelation with a larger particle time
constant "tp � 4# is di}erent since the increase of Rv with
the increase of tp is due to the inertia e}ects rather than
the turbulence modi_cations[

In a similar manner\ autocorrelation coe.cients "RTp#
are calculated for the ~uctuating part of the particle tem!
perature using an equation analogous to "02# with T?p
substituted for vj[ The temperature autocorrelations are
presented in Fig[ 6 for a variety of cases[ In Fig[ 6"a# the
e}ects of the two!way coupling and the particle speci_c
heat are portrayed for fm � 9[4 and tp � 01[ Similarly to
the velocity autocorrelation\ two!way coupling increases
the particle temperature autocorrelation by modifying
the temperature of the gas surrounding the particle[ In
two!way coupling\ the increase of the particle speci_c
heat "represented by s# results in a signi_cant increase
of the particle temperature autocorrelation[ The particle
with larger heat capacity has less tendency in changing its
temperature than the particle with smaller heat capacity
does[ This is similar to the e}ect of inertia on the particle
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Fig[ 6[ Temporal variations of the particle temperature auto!
correlations[ "a# E}ects of one! and two!way couplings and
particle speci_c heat at fm � 9[4 and tp � 01\ and "b# e}ects of
mass loading ratio and particle time constant at s � 0[

velocity autocorrelation[ Figure 6"b# shows the e}ects of
the mass loading ratio and the particle time constant on
RTp for a constant ratio of the speci_c heats\ s � 0[ As
expected\ an increase of the mass loading ratio and:or
the particle time constant results in a higher temperature
autocorrelation[ However\ comparison of Figs 5"a# and
6"b# indicates that these e}ects are more visible in the
temperature autocorrelations than in the velocity auto!
correlations[

Figure 7 shows the variations of the ratio of the particle
velocity variance "ððv1ŁŁ# to the gas velocity variance
"ðu1Ł# with the mass loading ratio and the particle time

constant[ Both ðu1Ł and "ððv1ŁŁ# are calculated by time
averaging over a stationary interval extending more than
three eddy!turn!over times[ Figure 7"a# indicates a peak

in the variation of ððv1ŁŁ:ðu1Ł with the mass loading
ratio around fm � 9[14\ when the particle time constant
is _xed at tp � 1[ As the mass loading ratio is increased
from zero towards 9[14 the gas turbulence decays more
than the particle turbulence[ This is in agreement with
Fig[ 3"a# which indicates a sharp decrease in the gas

Fig[ 7[ Variations of the particle velocity variance normalized
with the ~uid velocity variance vs[ "a# the mass loading ratio and
"b# the particle time constant[

kinetic energy\ q1\ at small mass loading ratios[ For larger
values of the mass loading ratio the gas kinetic energy
decreases with a smaller rate and the ratio of the particle
velocity variance to that of the gas decreases[ The e}ect
of the particle time constant on the ratio of the velocity
variances is shown in Fig[ 7"b# for fm � 9[4[ As the par!
ticle time constant increases the velocity di}erence
between the particle and the gas also increases due to the
larger inertia of the larger particle[ On the other hand\
the gas velocity variance "ðu1Ł# is not very sensitive to
the change of tp as witnessed from Fig[ 3"b#[ As a result\
the ratio of the particle to the gas velocity variance
decreases with the increase of tp[ Figure 7"b# also provides
a comparison between one! and two!way coupling cases\

and indicates larger values for ððv1ŁŁ:ðu1Ł in two!way
coupling[

A similar variation with tp is observed for the ratio of
the rms of the particle ~uctuating temperature to that of
the gas "T?prms:T?rms#[ Figure 8"a# portrays the variation of
T?prms:T?rms with tp for two di}erent values of the nor!
malized particle speci_c heat[ A comparison is also made
between one! and two!way coupling cases[ An increase
of tp and:or s enhances the particle heat capacity and
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Fig[ 8[ Variations of "a# the rms of the particle temperature
normalized with the rms of the gas temperature and "b# the rms
of the temperature di}erence between the gas and the particles\
vs[ the particle time constant[ For all of the cases fm � 9[4[

decreases the tendency of the particle to adjust to the gas
temperature ~uctuations[ The rms temperature di}erence
""T−Tp#?rms#\ however\ exhibits the opposite trend as
observed in Fig[ 8"b#[ The rms temperature di}erence
markedly decreases in two!way coupling cases due to the
modi_cation of the gas temperature by the particles[ An
increase of s results in a larger temperature di}erence as
more heat transfer is needed to change the temperature
of a particle having a larger heat capacity[

In Fig[ 7"b# and 8"a#\ variations of ððv1ŁŁ:ðu1Ł and
T?prms:T?rms\ respectively\ were considered vs[ tp where
di}erent behaviors for cases with one! and two!way coup!

lings were observed[ In Fig[ 09\ variations of ððv1ŁŁ:ðu1Ł
and T?prms:T?rms are portrayed vs[ tp:t¹e[ It is observed in
the _gure that by normalizing the particle time constant
with the eddy!turn!over time\ the data from one! and
two!way coupling cases fall "nearly# on the same curve[
Recall that a similar behavior was previously observed
for the velocity autocorrelation curves when the time axis
was normalized by the eddy!turn!over time "cf[ Fig[ 5"b##[
This indicates that modi_cations in turbulence scales by
the particles are the main cause of the observed changes

Fig[ 09[ Variations of "a# the particle turbulence intensity nor!
malized with the gas turbulence intensity and "b# the rms particle
temperature normalized with the rms gas temperature vs[ the
particle time constant normalized with the eddy!turn!over time[
For all of the cases fm � 9[4 and s � 0[

in the statistics of the particles in two!way coupling and
that a proper normalization may result in a uni_cation
of one! and two!way coupling results[

From a statistical point of view\ of great interest is
the relation between the ~uctuations of thermodynamic
variables[ A common approach is to relate the ~uctuating
values of density\ temperature\ and pressure through a
polytropic coe.cient ð10Ł[ The local values of the poly!
tropic coe.cient is not well!de_ned as it is possible that
the ~uctuating density or the ~uctuating pressure inde!
pendently take zero values[ To remove the singularity\
Blaisdell et al[ ð5Ł propose an average value for the poly!
tropic coe.cient]

n �
p?rms:ðpŁ
r?rms:ðrŁ

[ "03#

The time averaged values of n are shown in Fig[ 00 for
di}erent values of the mass loading ratio\ the particle time
constant\ and the particle speci_c heat[ In the absence of
particles\ the ~ow behaves very similarly to an isentropic
~ow with n � g � 0[3[ However\ after the particles are
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Fig[ 00[ Variations of the polytropic coe.cient vs[ "a# the mass
loading ratio and "b# the particle time constant[

added to the ~ow the polytropic coe.cient takes values
smaller than 0[3 indicating deviations from an isentropic
~ow[ This is expected as the heat transfer between the
particles and the gas takes place at _nite temperature
di}erences and the reversibility condition is not satis_ed[
Interestingly\ the polytropic coe.cient decreases linearly
with the increase of the mass loading ratio "Fig[ 00"a##[
In other words\ for constant tp "or equivalently constant
heat capacity#\ n varies linearly with the number of
particles[ The variations of the polytropic coe.cient with
the particle time constant "Fig[ 00"b##\ however\ is non!
linear as in this case both the number of particles and
their heat capacity are variable[ The increase of s results
in the decrease of n for all of the particle time constants[
This is due to the increase of the heat transfer between
the particles and the ~ow when the particle speci_c heat
is increased[

Preferential distribution of particles in a turbulent ~ow
has been the subject of many investigations in recent years
"see ð11Ł for a recent review#[ In the DNS of stationary
incompressible turbulence\ Squires and Eaton ð19Ł show
the tendency of particles to concentrate in the low vor!
ticity and high strain rate regions of the ~ow[ Similar to
ð19Ł\ here we consider the variation of the expected value

of the particle number density conditioned on the par!
ameter

IId � 0
1
"S1−0

3
vivi# "04#

which is related to the vorticity and the magnitude of the
symmetric rate of strain tensor "S1#[ In incompressible
~ows\ IId represents the second invariant of the defor!
mation tensor[ For a compressible ~ow\ IId does not have
an analogous physical signi_cance^ however\ it may still
be used for ~ow characterization as the negative and
positive values of IId correspond to high strain rate and
high vorticity regions of the ~ow\ respectively[ The num!
ber density "nc# of the particles is calculated in a manner
similar to that of the source term in the gas equations[
At each grid point the total number of particles within a
cell volume "dV# centered at the grid point is divided by
the volume of the cell[

Figure 01"a# shows the variations of ðnc=IIdŁ:ðncŁ vs[
IId:IIdrms for di}erent values of the particle time constant
and the mass loading ratio from the 532 simulations[
The trends are similar to those previously observed in
incompressible ~ow ð19Ł*the particles indicate a higher

Fig[ 01[ Variations of the expected value of the particle number
density conditioned on "a# the parameter IId and "b# the gas
~uctuating density[
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Table 4
Correlation coe.cients between the particle number density and
carrier phase variables from the 532 simulations

tp � 1 tp � 4

fm � 9 fm � 0 fm � 9 fm � 0

ncýIId −9[196 −9[055 −9[053 −9[032
ncýr? 9[924 9[953 9[906 9[970

tendency to accumulate in the regions of the ~ow with
negative IId[ This is due to the centrifuging e}ects as
indicated by previous investigations ð19\ 12Ł[ Shown in
Fig[ 01 is also the particle concentration conditioned
with the carrier phase density ~uctuations[ The particles
exhibit a tendency to concentrate in the regions of the
~ow with higher density[ These observations are also
veri_ed by comparing the values of the correlation
coe.cients given in Table 4[ The correlation coe.cient
between the particle number density and a variable c is
de_ned as ncýc � "ðnccŁ:ncrmscrms# where c � IId or r?[
Both Fig[ 01 and Table 4 indicate that\ for cases con!
sidered here\ the tendency of particles to accumulate in
high density regions is less than their preference to con!
centrate in high strain rate regions of the ~ow[

4[ Conclusions

Dispersion of solid particles in forced low!Mach!num!
ber turbulent ~ows is investigated[ The formulation uti!
lized for this study describes the two!way coupling
between the carrier and the dispersed phase in a realistic
manner[ The carrier phase is treated in the Eulerian frame
and is simulated via DNS whereas the particles are tacked
in a Lagrangian manner[ The feasibility of a quasi!
stationary turbulence by forcing the low wavenumbers
of the ~ow is discussed\ and it is shown that while the
mean temperature increases in time\ the statistics of the
temperature ~uctuations becomes stationary after an
initial transient time[

The simulation results are used to study the e}ects of
the particle time constant\ the mass loading ratio\ and
the particle speci_c heat on the statistics of both phases
in quasi!stationary turbulence[ The temporal oscillations
of the pressureÐdilatation correlation is signi_cantly
damped in the presence of particles[ This damping e}ect
increases with the decrease of the particle time constant
at the same mass loading ratio[ The particles exhibit
signi_cant e}ects on the statistics of the ~ow even for
small mass loading ratios[ The most sensitive ~ow par!
ameter to the mass loading ratio is the rms dilatation
which shows a decrease by about 49) from its single!

phase value for a mass loading ratio of 9[0[ While both
the mean and the rms values of the Mach number
decrease with the increase of the mass loading ratio\ the
ratio of the two is about 9[30 for all values of the mass
loading ratio[ This observation can have major impli!
cations in modeling of particle!laden low!Mach!number
turbulent ~ows[

The autocorrelation coe.cient of the particle velocity
increases with the increase of the mass loading ratio[ This
is similar to previous observation in incompressible ~ows\
and is due to turbulence modi_cations by the particles[
The autocorrelations "nearly# collapse on a single curve
when the time axis is normalized by the eddy!turn!over
time for each case[ The autocorrelation of the particle
temperature ~uctuations also increases with the increase
of the mass loading ratio[ This autocorrelation is also
strongly a}ected by variations of the particle time con!
stant and:or the particle speci_c heat\ and increases with
the increase of these parameters[ A peak value is observed
in the variations of the particle velocity variance "nor!
malized with the ~uid velocity variance# with the mass
loading ratio[ For all of the values of the particle time
constant\ two!way coupling increases the ratio of the
particle velocity variance to that of the ~uid[ A similar
behavior is observed for the temperature ~uctuations[ It
is also shown that the ratio of the rms of the particle
temperature ~uctuations to that of the gas decreases with
the increase of the particle speci_c heat[

The evaluation of the polytropic coe.cient for various
cases indicates deviations from an isentropic ~ow when
the particles are present[ Interestingly\ the polytropic
coe.cient exhibits a linear decrease with the increase of
the mass loading ratio[ The decrease of the particle time
constant and:or the increase of the particle speci_c heat
decreases the polytropic coe.cient[ Consistent with pre!
vious _ndings in incompressible ~ow\ particles are pref!
erentially collected in the regions of high strain rate[ They
also show a tendency to accumulate in regions of the ~ow
with higher density[
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